New developments are presented enabling the using a four-parameter kappa distribution with the widely used regional goodness-of-fit methods as part of an index flood regional frequency analysis based on the method of L-moments. The framework was successfully applied to 564 pooling groups and was found to significantly improve the probabilistic description of British flood flow compared to existing procedures. Based on results from an extensive data analysis it is argued that the successful application of the kappa distribution renders the use of the traditional three-parameter distributions such as the generalized extreme value (GEV) and generalized logistic (GLO) distributions obsolete, except for large and relatively dry catchments. The importance of these findings is discussed in terms of the sensitivity of design floods to distribution choice.
Introduction
Regional frequency analysis of extreme events based on the index flood method combined with the method of L-moments for parameter estimation has found widespread use in the hydrology and water resources literature (e.g. Hosking and Wallis 1997 , Smithers and Schulze 2001 , Salinas et al. 2014a . But the use of L-moments has also found application in other practical fields concerned with the risk of extreme events, for example coastal engineering (Hosking 2012) , earthquake engineering (Thompson et al. 2007) , wind speed analysis (Pandey et al. 2001) , dust storms (Dodangeh et al. 2012) and financial returns (Tolikas and Gettinby 2009) .
A key aspect in the practical utility of the method of L-moments is the use of L-moment diagrams as a tool for aiding in the identification of a suitable frequency distribution to model the available samples. An L-moment diagram typically plots the sample L-kurtosis (τ 4 ) against the sample L-skewness (τ 3 ) values and compares these to equivalent theoretical relationships derived for a range of candidate distributions. The proximity of the sample values (or the mean of the sample values in the case of a regional frequency distribution) to the theoretical lines or points can then be used as a selection criterion for the most appropriate type of distribution. Visual inspection of the proximity between sample values and theoretical lines was adopted by, for example, Vogel et al. (1993) in an analysis of regional frequency distributions. Others, including Hosking and Wallis (1993) and Kjeldsen and Prosdocimi (2015) , have attempted to derive more formal procedures using Monte Carlo simulation in a hypothesis-testing framework, or, for example Peel et al. (2001) and Salinas et al. (2014a) , using moving averages to judge similarity between samples and theoretical distributions.
For distributions with four parameters or more, the range of possible (τ 3 , τ 4 ) combinations is represented by an area on the L-moment diagram, rather than a line, rendering the traditional graphical goodness-of-fit methods inappropriate. While most regional frequency studies consider mainly two-or three-parameter distributions, Wallis et al. (2007) adopted the four-parameter kappa distribution for regional frequency analysis of daily rainfall extremes. The kappa distribution has also been used for extreme value analysis of atsite records of extreme rainfall series (e.g. Parida 1999, Park and Jung 2002) and for analysis of extreme flood flow series (Murshed et al. 2014) . Consequently, new methodological developments allowing assessment of four-parameter distributions using the method of L-moments would be of significant interest for both applied and theoretical frequency analysis of hydrological extremes.
The aim of this study is to extend the goodness-offit (GOF) measures for regional frequency distributions developed by Kjeldsen and Prosdocimi (2015) to enable use of four-parameter distributions in conjunction with the L-moment diagram. The new framework will be used to investigate the potential for adopting a fourparameter kappa distribution for regional modelling of British flood events and assess the impact of changing regional distributions on the resulting design flood estimates.
The four-parameter kappa distribution
The four-parameter kappa distribution was introduced by Hosking (1994) and has been chosen in this study because: (1) it has an established track record in frequency analysis of extreme hydrological events; (2) analytical expressions of high order L-moment ratios are readily available; and (3) the commonly used generalized logistic (GLO), generalized extreme value (GEV), general Pareto (GPA) and Gumbel models are all special cases of this distribution. Consider X to be a random variable representing the annual maximum events, the cumulative distribution function (cdf) of the kappa distribution is defined as:
where ξ, α, k and h are parameters. The associated quantile function is given as:
The kappa distribution is a generalization of some of the more commonly used three-parameter distributions: for k ≠ 0, the GPA, GEV and GLO distributions are all special cases for h = 1, h = 0 and h = -1, respectively. The cdf, quantile function and L-moment parameter estimators for the GLO and GEV distributions can be found in Hosking and Wallis (1997) .
Using the method of L-moments, the four-parameter model parameters are estimated using the first and second L-moments (λ 1 and λ 2 ), and the third and fourth L-ratios, the L-skewness (τ 3 ) and the L-kurtosis (τ 4 ). The formulas relating the distribution parameters and L-moments are given by Hosking and Wallis (1997) as:
where the function g r is defined as:
with Γ Á ð Þ the gamma function. Using the relationships in Equations (5)- (7), it is possible to derive a contour line of the kappa distribution on the L-moment diagram for fixed values of the h parameter. By fixing h and letting k vary freely, the contour lines are comparable to the lines defined the well-known three-parameter distributions (GLO, GEV, GPA) which represent fixed values of h. In practice, the contour lines are defined by following the simple steps below:
(1) Fix the value of h (2) Pick a value of τ 3 (3) Find the associated value of k by solving for k in Equation (5) using the Newton-Raphson method (4) Calculate the associate value of τ 4 for k and h using Equation (6) (5) Go back to 2 and change the value of τ 3 When a sufficient number of (τ 3 , τ 4 ) pairs have been established (for a fixed value of h), the contour line can be plotted on the L-moment diagram as demonstrated on Figure 1 for regions of the diagram often populated by sampling values derived from hydrological series.
Using the procedure above, and for each value of τ 3 in the interval between −1 and 1 (step by 0.05), eighth-order polynomials (Equation (8)) were fitted to the resulting pairs of (τ 3 , τ 4 ) for selected values of the h parameter (see Table 1 for polynomial coefficients A p ), which makes for an easy short-cut for plotting selected contour lines.
Though, in principle, the contour lines can be produced for any value of h and k obeying the conditions imposed by Hosking (1994) . The contour lines represent the theoretical relationship between the L-skewness and L-kurtosis for the kappa distribution with a fixed h parameter, and are, in principle, similar to the theoretical lines representing three-parameter distributions (GLO, GEV, GPA, PE3) as used by Hosking and Wallis (1993) and Kjeldsen and Prosdocimi (2015) in their goodness-of-fit measures. Thus, for a fixed h-value the kappa distribution can be included in these tests alongside the commonly used three-parameter distributions.
An L-moment-based goodness-of-fit measure The Kjeldsen and Prosdocimi (2015) goodness-of-fit measure uses Monte Carlo simulations to establish the (1 À α) x 100% confidence region for the estimated regional average values of τ 3 and τ 4 . Assuming the joint distribution of the estimated regional averages of (τ 3 , τ 4 ) is bivariate normal, then the confidence region is represented as an ellipsoid on the L-moment diagram derived using Monte Carlo simulation. It is important to note that the confidence region represented by the ellipsoid is associated with the regional averages and thus exhibits a much smaller variability than the at-site estimates shown in the L-moment diagram. Consequently, the, say, 90% ellipsoid representing the goodness-of-fit measure is not expected to encompass 90% of values from individual sites in the L-moment diagram. Frequency distributions for which the theoretical lines bisect the ellipsoid can thus be considered acceptable as regional frequency models. The final choice of distribution is then based on the minimum value of the Mahalanobis distance, D, between the bias corrected regional values of L-skewness and L-kurtosis, t R B , and points on the different theoretical distribution lines within the confidence region:
where Ω is the 2 × 2 covariance matrix of t Carlo simulations can be found in Kjeldsen and Prosdocimi (2015) , and eighth-order polynomials representing the theoretical relationships between τ 3 and τ 4 for a range of three-parameter distributions can be found in Hosking and Wallis (1997, Appendix 12) , and for the four-parameter kappa distribution for fixed values of h in Table 1 of this study. An example of the goodness-of-fit measure applied to a pooling group consisting of 13 catchments from the UK is shown in Figure 2 .
Parameter estimation for fixed h
Once the h parameter of the kappa distribution is fixed, the remaining location, scale and shape parameters (; α; κ) can be estimated using the method of L-moments based on Equations (3)- (5) and (7). First, the fixed value of h is inserted into the expression for g r in Equation (7). Next, τ 3 in Equation (5) is replaced with the sample value of L-skewness, and the NewtonRaphson method used to find the value of the shape parameter,κ, that solves Equation (5). Next, α and are estimated by replacing λ 1 , λ 2 and κ in Equations (3) and (4) with the corresponding sample values. Finally, the design events,x F ð Þ, can be calculated using Equation (2) with a fixed value of the h parameter, the non-exceedence probability F, and with the location, scale and shape parameters replaced by their estimated values.
Case studies

Regional flood frequency model in the UK
In the UK, regional flood frequency analysis is commonly conducted using the pooling group method described in Institute of Hydrology (1999) and later improved by Kjeldsen and Jones (2009) . The pooling group method is a combination of the region of influence (ROI) approach (Burn 1990 ) and the index flood method based on the use of L-moments and annual maximum peak flow data (Hosking and Wallis 1997) . Research into the choice of regional frequency distributions for use with the pooling group method by Kjeldsen and Prosdocimi (2015) confirmed previous results reported in the Flood Estimation Handbook (Institute of Hydrology 1999) that the three-parameter GLO distribution was most often found to provide the best fit to the data, with the GEV and GNO distributions in second and third place, respectively, and the Pearson Type 3 (PE3) distribution a distant fourth. Prior to the publication of the Flood Estimation Handbook, regional flood frequency analysis was based on GEV distributions specified for 10 different geographical regions as described in the Flood Studies Report (NERC 1975) .
Using a database of annual maximum series from 564 catchments located across the UK, the first four L-moments, l 1 , t, t 3 and t 4 , were estimated for each site. Next, pooling groups were formed for each site based on considerations of hydrological similarity as Figure 2 . Example of Kjeldsen and Prosdocimi (2015) GOF measure applied with a 90% confidence interval to a pooling group consisting of 13 catchments from the UK (dots). The cross is the regional average L-moment ratio. The thick lines within the ellipsoid highlight that both the GLO and the GEV distribution could be accepted as regional distributions.
described by Kjeldsen and Jones (2009) , and the regional (or pooled) L-moment ratios, t R 3 and t R 4 , calculated as a weighted average of the individual at-site L-moment ratios contained in the pooling group. Finally, the regional kappa distribution parameters were obtained by using the regional L-moment ratios in combination with Equations (3)-(6) as described by Hosking and Wallis (1997) . Figure 1 , this area is characterized by a four-parameter kappa distribution with h in the interval between h = −1 (GLO) and h = 0 (GEV). It therefore seems reasonable to try to identify a kappa distribution with a fixed (national) value of h as an alternative national flood flow model to replace the current use of the GLO and GEV distributions. Second, a number of data points are located above the GLO distribution (marked with crosses), which suggest that a kappa distribution is not applicable.
Figure 3(b) shows the locations of the 564 gauging stations, again using crosses as in Figure 3 (a) to highlight to the stations where the L-moment ratios are located above the GLO line. It is noted that stations with sample L-moments located above the GLO line (crosses) can be found in all regions of the country. No statistically significant relationships were identified between the h parameters and catchment descriptors of the pooling group target sites. This is not surprising as there is already only a weak relationship between L-skewness and catchment descriptors (Kjeldsen and Jones 2009 ). Thus, for the purpose of this study, a national h parameter value is estimated as a mean value of the h parameter values from each of the 564 pooling groups. Hosking and Wallis (1993) suggested that for cases of L-skewness and L-kurtosis located above the GLO line, the data points are moved down to the GLO line and assigned with an h parameter value of h = −1. Making this adjustment, a national average value of h = −0.40 was obtained. The contour line of the kappa distribution for a fixed value of h = −0.40 is plotted in Figure 3 (a) and can be seen to cut through the centre of the data cloud. Thus, it is reasonable to expect that a kappa distribution with a fixed national h parameter value will provide a better description of the UK flood flow data. Next, this assertion will be tested using the Kjeldsen and Prosdocimi (2015) goodness-of-fit measure combined with the h = −0.40 kappa distribution; in the following discussion, this new distribution is denoted KAP3. For each of the 564 pooling groups, the Kjeldsen and Prosdocimi (2015) goodness-of-fit measure was invoked using the GLO, GEV, GNO, PE3 and KAP3 distributions to assess the fraction of pooling groups that can accept and chose the five candidate distributions. The results are summarized in Table 2 along with the results, in parenthesis, obtained by Kjeldsen and Prosdocimi (2015) , who reported a similar analysis on this dataset, but did not include the KAP3 distribution discussed in the present work. The ratio of acceptable distributions remain unchanged, but the number of times each distribution is chosen changes from those reported by Kjeldsen and Prosdocimi (2015) when including the KAP3 distribution.
As can be seen from Table 2 , the original results presented in Kjeldsen and Prosdocimi (2015) showed the GLO distribution to give the best fit to the dataset as it was chosen more often (49% of pooling groups). However, introducing the new KAP3 distribution changes the ratio, and KAP3 is more likely to be both accepted (90% compared to 74% for the GLO) and chosen as the regional frequency distribution with 37%, reducing the GLO distribution to only 27%. These results support the use of the new KAP3 model as the default choice for regional frequency estimation in ungauged catchments in the UK, as it is more likely to provide an acceptable representation of the true distribution for the majority of the catchments.
Climate and scale controls of regional distribution
Investigations of climate and scale controls on the frequency distribution of annual maximum series have been reported in the scientific literature. Analysing at-site annual maximum flood records from Austria, Slovakia and Italy, Salinas et al. (2014b) found the GEV distribution to be more appropriate for catchments with medium to high mean annual precipitation, and the GNO distribution more suitable for catchments with low annual average rainfall. These findings were confirmed in a subsequent study of annual maximum series from northern Italy by Persiano et al. (2016) . Most published studies investigated how catchment properties could give indication of the at-site distribution for a study catchment. Similarly, the potential controls of climate and scale on the choice of the frequency distribution is investigated here, although the focus is now shifted to the regional distribution. Figure 4 shows values of the standard average annual rainfall as measured from 1961 to 1990 (SAAR) against catchment area (natural log scale) for each of the 564 target sites for which pooling groups were formed. Each catchment is classified according to the chosen distribution as per the results in Table 2 .
To facilitate the visual comparison, convex hulls were drawn around the cloud of points associated with each of the five distributions (GLO, GEV, GNO, PE3, KAP3). A peeling procedure was applied to the convex hulls (e.g. Hosking 2015) so that they span 90% of the points for each distribution to avoid undue visual distortion by outlying catchments. The plot indicates some degree of scale control on the choice of frequency distribution. In particular, the GLO and KAP3 distributions appear uniquely appropriate for smaller catchments (<50 km 2 ) with high annual rainfall (upper left) while the GEV, GNO and PE3 distributions are more suitable for large catchments (>1000 km 2 ) with relatively modest annual rainfall (lower right). However, for the majority of the catchments of medium size, it is not possible to identify a singular best distribution based on considerations of catchment area or SAAR other than observing that the PE3 distribution appears not to fit data from small and relatively dry catchments (lower left). Plots similar to Figure 3 , but with BFIHOST (baseflow index as derived from HOST soils data) and URBEXT (percentage of catchment under urban land cover) substituted for SAAR were also investigated (not shown), but no obvious relationships could be identified. It should be noted that pooling groups might share members with other pooling groups. This is particular true for catchments not well represented in the database of 564 catchments; for example very small catchments. Therefore, the data points in Figure 4 will include aspects of interdependence. However, in real applications, pooling groups would be formed from this dataset, so the conclusions represent the situation faced by hydrologists applying the pooling group method in the UK. Table 2 . Percentages of times a particular distribution is accepted and chosen across the 564 pooling groups. Numbers in parentheses refer to percentages reported by Kjeldsen and Prosdocimi (2015) . Note that the three-parameter kappa distribution was not used by Kjeldsen and Prosdocimi (2015) .
27 (49) 19 (31) 8 (12) 4 (4) 37 (N/A)
Impact on design flood estimates
Changing the regional distribution from the traditional three-parameter choices: GLO, GEV, GNO or PE3, to the new KAP3 distribution will impact on the resulting flood frequency curves and the magnitude of design flood estimates. The direction and magnitude of this change was assessed by calculating the percentage difference between 100-year events estimated for each of the 564 pooling groups using each of the distributions as:
x DIST 100 Â 100%; DIST ¼ GLO; GEV; GNO; PE3
Thus, positive differences signify that the KAP3 distribution gives higher estimates, and vice versa. Next, four subsets of the 564 pooling groups were created corresponding to cases where each of the traditional three-parameter distributions (GLO, GEV, GNO, PE3) were considered acceptable as a regional distribution for the pooling group as per Table 2 . Figure 5 shows the percentage differences (Equation (10)) for each of the four subsets plotted against the 100-year event (0.99 quantile) obtained from annual maximum series standardized by their median using the chosen distribution and the standard pooling procedure described in Kjeldsen and Jones (2009) . Points plotted using solid dots represent pooling groups where a particular distribution was considered both acceptable and also chosen as the suitable distribution; whereas open symbols represent pooling groups where a distribution was considered acceptable, but not actually chosen as the most suitable distribution based on the Kjeldsen and Prosdocimi (2015) goodness-of-fit measure.
As can be observed from Figure 5 , the impact of adopting the KAP3 distribution on the resulting design flood estimates is generally of the order of plus or minus 5%. In comparison with a GLO distribution, the new KAP3 distribution results in lower design flood estimates, typically of the order of 2%. Replacing the GEV, GNO or PE3 distribution with a KAP3 distribution will result in higher design flood estimates. In particular, use of the PE3 distribution can result in differences upwards of 10%, especially for pooling groups with large values of the standardized quantile, i.e. steep growth curves. However, the lack of solid points for large quantiles suggests that, while acceptable, the PE3 distribution is rarely considered to be the optimal distribution for these cases.
Discussion
The results presented in this study demonstrate that, on a national scale, there is evidence in the observed flood flow records that abandoning the traditional choice of a three-parameter distribution such as the GLO or GEV distribution in favour of a four-parameter kappa distribution with fixed h parameter is beneficial. This discovery was first prompted by visual inspection of an L-moment diagram such as that in Figure 3 , showing that for the majority of UK pooling groups, the regional average L-skewness and L-kurtosis values fall in the space between the GLO and GEV lines.
Using the goodness-of-fit measure developed by Kjeldsen and Prosdocimi (2015) , a national kappa distribution, KAP3, was found to be an acceptable choice of regional frequency distribution for 90% of all pooling groups, which is considered a noteworthy increase from the 74% and 79% achieved by the GLO and GEV distributions, respectively. It is thus argued here that, using a kappa distribution when undertaking a flood frequency analysis at an ungauged site using the pooling group method (by far the most common practical application), the hydrologist is more likely to adopt a representative distribution using KAP3 than would be the case with either the GLO or GEV distributions. However, a subsequent analysis of the scale and climatological controls on choice of regional frequency distribution showed that for large (>1000 km 2 ) catchments with relatively low annual average rainfall, the GEV, GNO or PE3 distributions were typically the preferred options. Finally, it was shown that adopting a kappa distribution with a fixed h parameter resulted in 100-year design flood estimates that were typically 2% lower than corresponding estimates from a GLO distribution (the current recommended distribution in the UK), while the design events were 2-10% larger than estimates obtained from the GEV, GNO and PE3 distributions.
It must be emphasized that this study does not recommend fitting a four-parameter to individual pooling groups by allowing a free h parameter. It is Figure 5 . Percentage differences between 100-year design event (0.99 quantile) from GLO, GEV, GNO, PE3 distributions and the new KAP3 distribution plotted against the 0.99 quantile derived using KAP3 distribution with standardized AMS. Open circles are used for pooling groups for which either the GLO, GEV, GNO or PE3 were deemed acceptable, and solid circles for pooling groups where the distribution was the best fitting one.
well-known that increasing the number of model parameters will increase the sampling variability of the design quantile. The additional parameter introduced in the national model in this study constitutes an increase in the number of parameters compared to a GLO or GEV distribution. However, the parameter is estimated as a weighted average across all 564 pooling groups, and thus the sampling variability is expected to be relatively low, even if some sites are represented in several pooling groups and the annual maximum series at different sites are cross-correlated. A more in-depth study of the trade-offs between improved model structure and increased sampling variability is needed to gain further insight into the merits and performance of the proposed national model compared to the current three-parameter models GLO and GEV.
A number of regional values of L-skewness and L-kurtosis were located above the theoretical GLO line, which is outside the region for which the kappa distribution exists. In this study, this problem was solved by moving these sites down to the GLO line and assigning them a parameter value of h = −1. Similar adjustments were made by Parida (1999) when modelling extreme rainfall in India using the kappa distribution with the method of L-moments. However, it might be possible to adopt other flexible four-parameter distributions covering a larger region of the L-moment diagram. For example, Hosking (2015) showed that the L-moment ratios of a SU Johnson distribution can be located above the GLO line. It is plausible that the framework developed in this study for the kappa distribution could be extended to include other four-or five-parameter distributions for which theoretical results concerning the higherorder L-moments are available or could be developed. For example, Hosking (1986) discuss the five-parameter Wakeby distribution and Beran et al. (1986) provided theoretical results for the probability weighted moments for the two-component extreme value distribution. However, for both distributions numerical solutions must be deployed to use the method of L-moments, which is probably contributing to the relatively rare use of these models in applied frequency analysis.
Conclusion
The methodological developments and empirical results presented in this study lead to the following conclusions:
• The three-parameter distributions, such as the GLO, GEV and PE3 traditionally used in regional flood frequency analysis, can be replaced by a more flexible four-parameter kappa distribution.
• The new KAP3 distribution was successfully applied to 564 pooling groups from the UK and was found to give a better description of the regional frequency distribution than the traditional choices of either the GLO or GEV distributions.
• Design flood estimates for a 100-year return period in the UK are generally lowered by 2% when using a KAP3 rather than a GLO distribution, but increased by 2-10% when compared to design estimates from GEV, GNO or PE3 distributions.
• The KAP3 distribution appears to be the best choice for small and wet catchments, whereas the GEV, GNO or PE3 might be a better choice in large dry catchments.
The findings could be used to improve the precision of design flood estimation in the UK, but further research is needed to understand the implications of using a national fourth parameter, h = −0.40, on the overall reliability of design floods.
